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Abstract
This paper deals with multialgebras. An important tool in the theory of multialgebras is the fundamental relation, which brings
us into the class of the universal algebras. In this paper we will present the construction of the direct limit of a direct system
of multialgebras, some basic properties of this construction, and we will see that the fundamental algebra of the direct limit of
multialgebras is the direct limit of the fundamental algebras of the given multialgebras.
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1. Introduction
The study of multialgebras (also called hyperstructures) began more than 65 years ago. They were used in different
areas of mathematics (algebra, geometry, graph theory) as well as in some applied sciences (see [3]). As in [17],
multialgebras can be seen as relational systems which generalize the universal algebras. More exactly the multialgebras
are ﬁrst order structures, since some of their multioperations can be operations.
The request that a given set of identities should be satisﬁed (in a weak or a strong manner) on a given multialgebra can
bring us into special classes of multialgebras (such as semihypergroups, hypergroups or hyperrings). The papers [6,7]
present the construction of the direct limit for direct systems of some particular (semi)hypergroups. The construction
of the direct limit (of a direct system) of semihypergroups used in [6,7] is the one in [14].
This paper gives a common generalization of the results presented in [14] and in [5, Section 21]. After generalizing
the results presented by Grätzer in [5] for direct limits of direct systems of multialgebras we will apply the new results
to some particular cases of multialgebras characterized by identities. The properties thus obtained are much stronger
than the properties that already exist for semihypergroups or hypergroups and we think our paper will supply an easier
way to prove the existing results. The main results of this paper are resented in Sections 3 and 4. In Section 3 we will
present the construction of the direct limit multialgebra for a direct system of multialgebras. If we see any direct system
of multialgebras as a covariant functor then our construction is the direct limit of this functor (see [13,9])—we mention
that most of the categorial results cited or proved in this paper use the terminology from [13]. The ﬁrst important
property of the direct limit of a direct system of multialgebras is established in Proposition 22. This proposition states
that the direct limit of a direct system of multialgebras is isomorphic to the direct limit of any direct system having
a carrier coﬁnal with the carrier of the given system. As it can be seen in Section 5 many of the results presented in
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[14,6–8] can be obtained by using this proposition. In the same section we will prove that a class of multialgebras
closed under the formation of the isomorphic images and under the formation of the direct limits of direct systems with
well-ordered carriers is closed under the formation of the direct limits of arbitrary direct systems.
As it results from [18,19], an important tool in the hyperstructure theory is the fundamental relation of a multial-
gebra. From [10] it follows that the factorization of a multialgebra by the fundamental relation provides a universal
algebra (called the fundamental algebra of the given multialgebra).Another purpose of this paper is to establish whether
the fundamental algebra of a direct limit of (a direct system of) multialgebras is the direct limit of their fundamen-
tal algebras. A few steps in this direction were made for semi(hypergroups) in [14]. A proof for this fact is given
in Section 4.
2. Preliminaries
Let =(n)<o() be a sequence overN={0, 1, . . .}, where o() is an ordinal and for any < o(), let f be a symbol of
an n-ary (multi)operation and let us consider the algebra of the n-ary terms (of type )P(n)()= (P(n)(), (f)<o()).
Let A be a set and let P ∗(A) be the set of nonempty subsets of A. LetA= (A, (f)<o()) be a multialgebra, where,
for any < o(), f : An → P ∗(A) is the multioperation of arity n that corresponds to the symbol f. We will admit
that the support set A of the multialgebraA is empty if there are no nullary multioperations among the multioperations
f, < o(). Of course, any universal algebra is a multialgebra (we can identify a one element set with its element).
Some particular multialgebras are presented in the following examples:
Example 1. A hypergroupoid is a multialgebra (H, ◦) with one binary multioperation. A semihypergroup is a multi-
algebra with one associative binary multioperation, i.e. a hypergroupoid (H, ◦) which satisﬁes the condition
(a ◦ b) ◦ c = a ◦ (b ◦ c), ∀a, b, c ∈ H .
Example 2. Let H be a nonempty set. A hypergroup (H, ◦) is a semihypergroup which satisﬁes the condition:
a ◦ H = H ◦ a = H for all a ∈ H.
We obtain a universal algebra P∗(A) on P ∗(A) if we deﬁne, for any < o() and for any A0, . . . , An−1 ∈ P ∗(A),
f(A0, . . . , An−1) = ∪{f(a0, . . . , an−1) | ai ∈ Ai, i ∈ {0, . . . , n − 1}}
(see [12]). As in [5], we can construct the algebraP(n)(P∗(A)) of the n-ary term functions onP∗(A), for any n ∈ N.
We remind that for an equivalence relation  on A we obtain a multialgebra on A/ by deﬁning the multioperations
in the factor multialgebra A/ as in [4]: for any < o(), the nonempty subset f(〈a0〉, . . . , 〈an−1〉) of A/ is
{〈b〉 | b ∈ f(b0, . . . , bn−1), aibi, i ∈ {0, . . . , n − 1}}
(〈x〉 denotes the class of x modulo ).
The fundamental relation of the multialgebra A is the smallest equivalence relation on A for which the factor
multialgebra is a universal algebra. The fundamental relation ofA is the transitive closure ∗ of the relation  given on
A as follows: for x, y ∈ A, xy if and only if
x, y ∈ p(a0, . . . , an−1) for some n ∈ N, p ∈ P(n)() and a0, . . . , an−1 ∈ A, (1)
where p ∈ P (n)(P∗(A)) is the term function induced by p on P∗(A) (see [10,11]).
Example 3. The fundamental relation of a semihypergroup (H, ◦) is the transitive closure of the relation =⋃n∈N∗n
where for any x, y ∈ H,
xny if and only if there exist a0, . . . , an−1 ∈ H with x, y ∈ a0 ◦ · · · ◦ an−1.
If the semihypergroup (H, ◦) is a hypergroup, the relation  is transitive, so ∗ =  (see [1]).
Let A be a multialgebra and let ∗ be the fundamental relation of A. The universal algebra A/∗ is called the
fundamental algebra of the multialgebra A. We will denote by A the fundamental algebra of A, and by ∗
A
, when
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necessary, the fundamental relation on A (∗ means that we take the transitive closure of the relation  = A deﬁned
by (1)). We also denote by A the canonical projection of A onto A and by a the class ∗〈a〉 = A(a) of the element
a ∈ A. Clearly, if A is a universal algebra then A=A and A = 1A.
A map h : A → B between the multialgebrasA andB of the same type  is called homomorphism if for any < o()
and a0, . . . , an−1 ∈ A we have
h(f(a0, . . . , an−1)) ⊆ f(h(a0), . . . , h(an−1)).
Remark 4. As in [17], we can see a multialgebra A = (A, (f)<o()) as a relational system (A, (r)<o()) if we
consider that, for any < o(), r is the n + 1-ary relation deﬁned by
(a0, . . . , an−1, an) ∈ r ⇔ an ∈ f(a0, . . . , an−1).
Thus, the deﬁnition of the multialgebra homomorphism follows from the deﬁnition of the homomorphism between
relational systems.
The map h is called ideal homomorphism if for any < o() and for all a0, . . . , an−1 ∈ A we have
h(f(a0, . . . , an−1)) = f(h(a0), . . . , h(an−1)).
A bijective map h is a multialgebra isomorphism if both h and h−1 are multialgebra homomorphisms. As it results
from [12], the multialgebra isomorphisms can be characterized as being the bijective ideal homomorphisms.
Remark 5. From the steps of construction of a term (function) it follows that for a homomorphism h : A → B,
if n ∈ N, p ∈ P(n)() and a0, . . . , an−1 ∈ A then
h(p(a0, . . . , an−1)) ⊆ p(h(a0), . . . , h(an−1)).
If the homomorphism h is ideal then
h(p(a0, . . . , an−1)) = p(h(a0), . . . , h(an−1)).
The deﬁnition of the multioperations ofA/ allows us to see the canonical map from A to A/ as a homomorphism
of multialgebras.
In [11] is proved the following:
Theorem 6. If A, B are multialgebras and A, B, respectively, are their fundamental algebras and if f : A → B is
an ideal homomorphism then there exists only one homomorphism of universal algebras f : A → B such that the
following diagram is commutative:
(2)
The proof uses only the fact that f is an homomorphism, so the statement holds if we drop the property of f of
being ideal.
Corollary 7. (a) If A is a multialgebra then 1A = 1A.
(b) If A, B, C are multialgebras of the same type  and if f : A → B, g : B → C are homomorphisms, then
g ◦ f = g ◦ f .
We can easily construct the category of multialgebras of the same type  where the morphisms are considered to be
the homomorphisms and the composition of two morphisms is the usual map composition. It is known that the universal
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algebras of the same type  together with the homomorphisms between them form a category which is, obviously, a full
subcategory in the category of the multialgebras introduced above.We denote by Malg() the category of multialgebras
of type  and by Alg() the category of the universal algebras of type  mentioned before.
Remark 8. From Corollary 7 it results that we can deﬁne a functor F : Malg() −→ Alg() as follows: F(A) =A,
for any multialgebra A of type , and F(f ) = f which makes the diagram (2) commutative, for any homomorphism
f between the multialgebras A and B (of type ).
Let q, r ∈ P(n)(). Using the model offered by [5] and looking at the deﬁnitions of the hyperstructures from [1] and
also at the generalizations presented in [19], named Hv-structures, we can consider that the n-ary (strong) identity
q = r
is satisﬁed in the multialgebra A of type  if
q(a0, . . . , an−1) = r(a0, . . . , an−1)
for all a0, . . . , an−1 ∈ A, where q and r are the term functions induced by q and r, respectively, on P∗(A). We can
also consider that a weak identity (the notation is intended to be as suggestive as possible)
q ∩ r = ∅
is satisﬁed in a multialgebra A of type  if
q(a0, . . . , an−1) ∩ r(a0, . . . , an−1) = ∅
for all a0, . . . , an−1 ∈ A, where q and r have the same signiﬁcation as before.
Remark 9. There are many important particular multialgebras which are deﬁned by using identities.
Example 10. A semihypergroup is a multialgebra with one binary multioperation which satisﬁes the identity
(x0 ◦ x1) ◦ x2 = x0 ◦ (x1 ◦ x2). (3)
The Hv-semigroups (see [18]) are obtained the same way, but, instead of (3) we have
(x0 ◦ x1) ◦ x2 ∩ x0 ◦ (x1 ◦ x2) = ∅. (3′ )
We mention that in [1] the ideal homomorphisms of semihypergroups are called good homomorphisms.
Example 11. Let (H, ◦) be a hypergroup. The maps /, \ : H × H → P ∗(H) deﬁned by
a/b = {x ∈ H | a ∈ x ◦ b}, b\a = {x ∈ H | a ∈ b ◦ x}, (4)
are two binary multioperations on H . Thus, as we have seen in [11], a hypergroup (H, ◦) can be identiﬁed with a
multialgebra (H, ◦, /, \) with three binary multioperations, with H = ∅, which satisfy (3) and (4).
It follows that a semihypergroup (H, ◦) (with H = ∅) is a hypergroup if and only if there exist two binary multiop-
erations /, \ on H such that on the multialgebra (H, ◦, /, \) are satisﬁed the following weak identities:
x1 ∩ x0 ◦ (x0\x1) = ∅, x1 ∩ (x1/x0) ◦ x0 = ∅.
If for the above multialgebras with three binary multioperations ◦, /, \ we replace (3) by (3′) we obtain the class of
the Hv-groups (see [18]).
Remark 12. Let (H, ◦) and (H ′, ◦) be two hypergroups. If h : H → H ′ is a homomorphism between the semihyper-
groups (H, ◦) and (H ′, ◦) then
h(a/b) ⊆ h(a)/h(b), h(a\b) ⊆ h(a)\h(b),
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for all a, b ∈ H, hence h is a multialgebra homomorphism between (H, ◦, /, \) and (H ′, ◦, /, \). The ideal homomor-
phisms between (H, ◦, /, \) and (H ′, ◦, /, \) are called very good homomorphisms (see [1]).
Example 13. A Krasner hyperring (A,+, ·, 0) is deﬁned by the following conditions:
(i) (A,+, 0) is a canonical hypergroup (i.e. a commutative hypergroup with an element 0 such that 0+a=a=a+0,
for any a ∈ A, which satisﬁes the property that for each a ∈ A there exists an element −a ∈ A such that for any
b, c ∈ A, c ∈ a + b implies b ∈ (−a) + c—see [16]);
(ii) (A, ·) is a semigroup;
(iii) 0 · a = a · 0 = 0, for all a ∈ A;
(iv) the operation · is distributive with respect to the multioperation +.
So, a Krasner hyperring can be seen as a multialgebra (H,+, /, \, 0,−, ·) with (H,+, /, \) hypergroup, 0 nullary
operation, − unary operation and · binary associative operation, which verify the following identities:
x0 + x1 = x1 + x0, x0 + 0 = x0, x0/x1 = −(x1/x0), x0 · 0 = 0, 0 · x0 = 0,
x0 · (x1 + x2) = x0 · x1 + x0 · x2, (x1 + x2) · x0 = x1 · x0 + x2 · x0.
Remark 14. Any (weak or strong) identity satisﬁed on a multialgebra A is satisﬁed (in a strong manner) in A
(see [11]), so the fundamental algebra of a semihypergroup or Hv-semigroup is a semigroup, the fundamental al-
gebra of a hypergroup or Hv-group is a group and the fundamental algebra of a Krasner hyperring is a ring.
3. Direct limits of direct systems of multialgebras
Let us consider a direct system A of sets having the carrier (I, ) consisting of the family of sets (Ai | i ∈ I )
and the family of maps (ij : Ai → Aj | i, j ∈ I, ij). So, (I, ) is a directed preordered set and the maps
ij (i, j ∈ I, ij) are such that for any i, j, k ∈ I, with ijk, jk ◦ ij = ik and ii = 1Ai , for all i ∈ I. On
the disjoint union A of the sets Ai one deﬁnes the relation ≡ as follows: for any x, y ∈ A there exist i, j ∈ I, such that
x ∈ Ai, y ∈ Aj , and x ≡ y if and only if ik(x) = jk(y) for some k ∈ I with ik, jk. This relation on A is an
equivalence relation and the quotient set A/≡ = {̂x | x ∈ A} (denoted by A∞) is the direct limit of the direct system
of setsA (see [5]).
Let us consider that each set Ai is a support set for a multialgebra Ai of type  and ij are multialgebra homomor-
phisms. The system
A= ((Ai | i ∈ I ), (ij : Ai → Aj | i, j ∈ I, ij))
obtained this way is a direct system of multialgebras. Sometimes we will refer toA as the direct system (or the direct
family) of multialgebras (Ai | i ∈ I ).
In [14] is presented the construction of the direct limit of a direct family of semihypergroups ((Ai, ◦i ) | i ∈ I ).
Romeo deﬁnes the multioperation ◦ on the direct limit of the sets Ai as follows:
ẑ ∈ x̂ ◦ ŷ ⇔ ∃m ∈ I, ∃xm ∈ x̂ ∩ Am, ∃ym ∈ ŷ ∩ Am, ∃zm ∈ ẑ ∩ Am,
such that zm ∈ xm◦mym.
This way Romeo obtains the inverse limit semihypergroup (A∞, ◦).
We will show that a general approach of the direct limit of a direct system in the case of multialgebras, based on
the results known for universal algebras, is not only a step forward in the hyperstructure theory, but also allows us to
improve the results that already exist in the case of direct limits of direct systems of some particular multialgebras.
Let us deﬁne the following multioperations on A∞: for each < o() and for any x̂0, . . . , x̂n−1 ∈ A∞,
f(x̂0, . . . , x̂n−1) = {x̂′ | ∃m ∈ I, ∀j ∈ {0, . . . , n − 1}, ∃x′j ∈ x̂j ∩ Am,
such that x′ ∈ f(x′0, . . . , x′n−1)}.
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We obtain a multialgebra A∞ of type  on A∞. First, we will characterize the multioperations of A∞ in a way which
will prove to be very useful to our study.
Lemma 15. Let us consider < o() and x̂0, . . . , x̂n−1 ∈ A∞ and for any j ∈ {0, . . . , n − 1} let us take ij ∈ I such
that xj ∈ Aij . The representative x′ of a class x̂′ ∈ f(x̂0, . . . , x̂n−1) can be considered such that
∃m ∈ I, i0m, . . . , in−1m with x′ ∈ f(x′0, . . . , x′n−1),
where x′j = ijm(xj ) (j ∈ {0, . . . , n − 1}).
Proof. Let us consider a class x̂′′ ∈ f(x̂0, . . . , x̂n−1). Then, there exists m′ ∈ I with the property that for all
j∈{0, . . . , n−1} there exists x′′j ∈ x̂j ∩ Am′ such that x′′ ∈ f(x′′0 , . . . , x′′n−1). It means that for all j∈{0, . . . , n−1}
there exists x′′j ∈ Am′ such that x′′j ≡ xj , or equivalently, for all j ∈ {0, . . . , n − 1} there exists mj ∈ I,
with m′mj , ij mj such that ijmj (xj ) = m′mj (x′′j ). There exists m ∈ I with m0m, . . . , mn−1m; clearly,
m′m, i0m, . . . , in−1m, so, x′′ ≡ m′m(x′′) and
m′m(x
′′) ∈ m′m(f(x′′0 , . . . , x′′n−1)) ⊆ f(m′m(x′′0 ), . . . ,m′m(x′′n−1)).
But, for all j ∈ {0, . . . , n − 1},
m′m(x
′′
j ) = mjm(m′mj (x′′j )) = mjm(ijmj (xj )) = ijm(xj ),
so, m′m(x
′′) is in
f(m′m(x
′′
0 ), . . . ,m′m(x
′′
n−1)) = f(i0m(x0), . . . ,in−1m(xn−1)).
If we take x′j = ijm(xj ), for all j ∈ {0, . . . , n − 1} then the above statement follows by considering x′ =
m′m(x
′′). 
Remark 16. If for some < o(), f is an operation in all the multialgebras Ai , then f is an operation in A∞. In
fact, in order that for a given < o(), f to be an operation in A∞ it is enough for any two elements from I to have
an upper bound m ∈ I such that in Am, f is an operation.
Indeed, let us consider x̂0, . . . , x̂n−1 ∈ A∞, with xj ∈ Aij (ij ∈ I ) for all j ∈ {0, . . . , n − 1} and let us take the
classes x̂′, x̂′′ ∈ f(x̂0, . . . , x̂n−1). Then we have m′,m′′ ∈ I with ij m′, ij m′′ for all j ∈ {0, . . . , n − 1} such
that
x′ ∈ f(x′0, . . . , x′n−1) ⊆ A′m and x′′ ∈ f(x′′0 , . . . , x′′n−1) ⊆ A′′m,
where x′j = ijm′(xj ) and x′′j = ijm′′(xj ) for all j ∈ {0, . . . , n − 1}. If m ∈ I , m′m, m′′m is such that f is an
operation on Am then
m′m(x
′) ∈ m′m(f(x′0, . . . , x′n−1)) ⊆ f(m′m(x′0), . . . ,m′m(x′n−1))
= f(m′m(i0m′(x0), . . . ,m′m(in−1m′(xn−1)))
= f(i0m(x0), . . . ,in−1m(xn−1)))
and similarly,
m′′m(x
′′) ∈ f(i0m(x0), . . . ,in−1m(xn−1)).
But f(i0m(x0), . . . ,in−1m(xn−1)) ⊆ Am is an one element set, so we have m′m(x′) = m′′m(x′′) and x̂′ = x̂′′.
2922 C. Pelea / Discrete Mathematics 306 (2006) 2916–2930
Remark 17. The maps i∞ : Ai → A∞, i∞(x) = x̂ are multialgebra homomorphisms.
Indeed, for any < o() and x0, . . . , xn−1 ∈ Ai , using Lemma 15, we have
i∞(f(x0, . . . , xn−1)) = {i∞(x) | x ∈ f(x0, . . . , xn−1)}
= {̂x | x ∈ f(x0, . . . , xn−1)}
⊆ f(x̂0, . . . , x̂n−1)
= f(i∞(x0), . . . ,i∞(xn−1)).
Moreover, from the properties of the direct limit of a direct system of sets it follows that for any i, j ∈ I , with ij ,
j∞ ◦ ij = i∞.
Remark 18. If we consider the category I associated to the preordered set (I, ) then we can see (as in [13]) the
direct system consisting of the multialgebras (Ai | i ∈ I ) and the homomorphisms (ij : Ai → Aj | i, j ∈ I, ij)
as a covariant functor G : I −→ Malg().
Theorem 19. The multialgebra A∞, with the homomorphisms (i∞ | i ∈ I ), is the direct limit of the functor G.
Proof. Let us consider the following diagrams:
The commutativity of the ﬁrst diagram results fromRemark 17.Whenever amultialgebraA′ = (A′, (f)<o()) together
with a family (i : Ai → A′ | i ∈ I ) of homomorphisms make the second diagram commutative, there exists a unique
homomorphism  : A∞ → A′ such that the third diagram is commutative. From the similar property of the direct limit
of a direct system of sets we know that such a map  exists and is deﬁned as follows: for x̂ ∈ A∞ there exists i ∈ I
such that x ∈ Ai , hence (̂x) = (i∞(x)) = i (x), thus  is unique. So, the only thing to be proved is that  is a
multialgebra homomorphism. Let us take < o() and x̂0, . . . , x̂n−1 ∈ A∞.We can consider that all the representatives
x0, . . . , xn−1 of these classes are in Am. Then
(f(x̂0, . . . , x̂n−1))
= {(̂x) | ∃m′ ∈ I, mm′, x ∈ f(mm′(x0), . . . ,mm′(xn−1))}
= {m′(x) | m′ ∈ I, mm′, x ∈ f(mm′(x0), . . . ,mm′(xn−1))}
= ∪{m′(f(mm′(x0), . . . ,mm′(xn−1))) | m′ ∈ I, mm′}
⊆ ∪{f(m′(mm′(x0)), . . . , m′(mm′(xn−1))) | m′ ∈ I, mm′}.
But the commutativity of the second diagram holds for any i, j ∈ I , ij , thus, from m′ ∈ I , mm′ it follows that:
f(m′(mm′(x0)), . . . , m′(mm′(xn−1))) = f(m(x0), . . . , m(xn−1))
so,
(f(x̂0, . . . , x̂n−1)) ⊆ f(m(x0), . . . , m(xn−1)) = f((x̂0), . . . , (x̂n−1))
which ends the proof. 
Deﬁnition 20. We will call the multialgebra A∞ the direct limit of the direct systemA of the multialgebras
(Ai | i ∈ I ) and we will denote it by limi∈I−→ Ai or by lim−→ A.
Remark 21. In [15], Rosenberg associates to every binary relation  on a set H a partial hypergroupoid (H, ◦) which
is a hypergroupoid if and only if H ={x ∈ H | ∃y ∈ H : (x, y) ∈ }. In this case, the relational system (H, ) can be
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seen as a multialgebra with one unary multioperation (see Remark 4). In [2], Corsini presents the construction of the
direct limit of a direct family of relational systems ((Hi, i ) | i ∈ I ), where each i is a binary relation on Hi and he
studies some properties of the relational system which results in the case when all (Hi)i are hypergroups. The direct
limit studied by Corsini is, actually, a direct limit of a direct system of multialgebras of type (1).
The next three results are generalizations for some results presented for universal algebras in [5, Section 21]. Since
any set can be seen as a universal algebra with an empty set of operations, we will refer to the results from [5] also as
properties of the direct limits of direct systems of sets.
In what follows, we will consider that (I, ) is a directed partially ordered set (unless we will specify something
else). LetA = ((Ai | i ∈ I ), (ij | i, j ∈ I, ij)) be a direct system of multialgebras and let us consider J ⊆ I
such that (J, ) is also a directed partially ordered set. We will denote by AJ the direct system consisting of the
multialgebras (Ai | i ∈ J ) whose carrier is (J, ) and the homomorphisms are (ij | i, j ∈ J, ij).
Proposition 22. Let A be a direct system of multialgebras with the carrier (I, ) and let us consider J ⊆ I such
that (J, ) is a directed partially ordered set coﬁnal with (I, ). Then the multialgebras lim−→A and lim−→AJ are
isomorphic.
Proof. This result follows immediately from [9, Proposition 2.11, Chapter II]. Since we will use later the form of the
isomorphism from this proposition, we will give a direct proof based on [5, Section 21, Lemma 7].
Set lim−→A=A∞ = (A∞, (f)<o()), lim−→AJ =A
′∞ = (A′∞, (f)<o())and let us denote the elements of A∞ by
using the index I (for example, x̂I ) and the elements of A′∞ by using the index J (for example, x̂J ).
From [5, Section 21, Lemma 7] it follows that  : A∞ → A′∞, (̂xI ) = x̂J is a bijective map. It will be useful
to observe that in each class x̂I we can ﬁnd a representative from
⋃
j∈J Aj . In order to complete the proof, we will
show that  is an ideal homomorphism between the multialgebrasA∞ andA′∞. Let us consider < o(), (x̂0)I , . . . ,
(x̂n−1)I ∈ A∞. We can assume that x0, . . . , xn−1 ∈
⋃
i∈J Ai,hence there exist i0, . . . , in−1 ∈ J such that x0 ∈
Ai0 , . . . , xn−1 ∈ Ain−1 . The set f((x̂0)I , . . . , (x̂n−1)I ) is equal to
{(x̂′)I | ∃m ∈ I, i0, . . . , in−1m, x′ ∈ f(i0m(x0), . . . ,in−1m(xn−1))}.
Since J is coﬁnal with I , for an element m ∈ I , i0, . . . , in−1m for which x′ ∈ f(i0m(x0), . . . ,in−1m(xn−1))
we can consider an element m′ ∈ J , mm′. So, we have x′ ≡ mm′(x′) and
mm′(x
′) ∈ mm′(f(i0m(x0), . . . ,in−1m(xn−1)))
⊆ f(mm′(i0m(x0)), . . . ,mm′(in−1m(xn−1)))
= f(i0m′(x0), . . . ,in−1m′(xn−1)).
Thus, the set f((x̂0)I , . . . , (x̂n−1)I ) can be written
{(x̂′)I | ∃m ∈ J, i0, . . . , in−1m, x′ ∈ f(i0m(x0), . . . ,in−1m(xn−1))}.
It follows that (f((x̂0)I , . . . , (x̂n−1)I )) is equal to
{((x̂′)I ) | ∃m ∈ J, i0, . . . , in−1m, x′ ∈ f(i0m(x0), . . . ,in−1m(xn−1))}
hence with
{(x̂′)J | ∃m ∈ J, i0, . . . , in−1m, x′ ∈ f(i0m(x0), . . . ,in−1m(xn−1))}.
Using Lemma 15 we have
(f((x̂0)I , . . . , (x̂n−1)I )) = f((x̂0)J , . . . , (x̂n−1)J )
= f(((x̂0)I ), . . . ,((x̂n−1)I )),
thus the proposition holds. 
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Let us consider that the support set I of the carrier (I, ) of the direct system A = ((Ai | i ∈ I ), (ij | i, j ∈
I, ij)) ofmultialgebras can bewritten as I=⋃p∈P Ip,where (Ip, ) is a directed partially ordered subset of (I, )
for eachp ∈ P and (P, ) is also a directed partially ordered set such that Ip ⊆ Iq,wheneverp, q ∈ P, pq.Denote
lim−→A=A∞ = (A∞, (f)<o()) and lim−→AIp =A
p∞ = (Ap∞, (f)<o()) if p ∈ P. Then, for any p, q ∈ P, pq we
can deﬁne the map
pq : Ap∞ → Aq∞, pq (̂xIp ) = x̂Iq ,
(where x ∈ Ai, for some i ∈ Ip). In this way we obtain a direct system of sets consisting of (P, ), the sets Ap∞, and
the maps pq.
Theorem 23. The directed partial ordered set (P, ), the multialgebrasAp∞, and the maps pq form a direct system
A/P of multialgebras and the multialgebras lim−→A and lim−→A/P are isomorphic.
Proof. Let us denote lim−→A/P byA
∗∞=(A∗∞, (f)<o()). Since the support sets of the multialgebrasA∞ andA∗∞ are
obtained as direct limits of the direct systems of the support sets of the above mentioned multialgebras, one can prove,
as in [5, Section 21, Theorem 2], that we obtain a bijective map  from A∞ onto A∗∞ as follows: for an x ∈ Ai, i ∈ I,
we choose an element p ∈ P such that i ∈ Ip, we consider y = x̂Ip ∈ Ap∞and we deﬁne (̂xI )= ŷP . So, all we have to
do for proving the theorem is to verify whether pq are multialgebra homomorphisms and  is an ideal multialgebra
homomorphism.
Let us take < o(), p, q ∈ P, pq and (x̂j )Ip ∈ Ap∞, j ∈ {0, . . . , n − 1}. We can consider that xj ∈ Am, with
m ∈ Ip, for all j ∈ {0, . . . , n − 1} and so the set pq(f((x̂0)Ip , . . . , (x̂n−1)Ip )) is equal to
{pq (̂xIp ) | ∃m′ ∈ Ip, mm′, x ∈ f(mm′(x0), . . . ,mm′(xn−1))}
= {̂xIq | ∃m′ ∈ Ip ⊆ Iq, mm′, x ∈ f(mm′(x0), . . . ,mm′(xn−1))}
⊆ {̂xIq | ∃m′ ∈ Iq, mm′, x ∈ f(mm′(x0), . . . ,mm′(xn−1))}
= f((x̂0)Iq , . . . , (x̂n−1)Iq ) = f(pq((x̂0)Ip ), . . . ,pq((x̂n−1)Ip )),
hence each pq is a homomorphism of multialgebras.
Let us consider now < o() and (x̂j )I ∈ A∞, j ∈ {0, . . . , n − 1}. We can easily observe that all the represen-
tatives xj can be taken from the same Ai, for an appropriate i ∈ I and we can choose a p ∈ P such that i ∈ Ip.
We have
(f((x̂0)I , . . . , (x̂n−1)I ))
= {(̂xI ) | ∃m ∈ I, im, x ∈ f(im(x0), . . . ,im(xn−1))}.
But
{(̂xI ) | ∃m ∈ I, im, x ∈ f(im(x0), . . . ,im(xn−1))}
= {ŷP | ∃p′ ∈ P, pp′, y ∈ f((x̂0)Ip′ , . . . , (x̂n−1)Ip′ )}.
Indeed, let us consider an element (̂xI ) in the left side set. There exists an element m ∈ I , im for which x ∈
f(im(x0), . . . ,im(xn−1)). Let us take pm ∈ P such that m ∈ Ipm . Since, (P, ) is directed there exists p′ ∈ P
such that pp′, pmp′, therefore, i, m ∈ Ip′ . Using Lemma 15 we obtain x̂Ip′ ∈ f((x̂0)Ip′ , . . . , (x̂n−1)Ip′ ). Taking
y = x̂Ip′ we have that (̂xI ) = ŷP is in the right side set. Conversely, take ŷP in the right side set, and p′ ∈ P , pp′
such that y = x̂Ip′ ∈ f((x̂0)Ip′ , . . . , (x̂n−1)Ip′ ). If we use again Lemma 15 we obtain that there exists an element
m ∈ Ip′ ⊆ I, with im such that the representative x of the class y ∈ Ap
′
∞ is in the set f(im(x0), . . . ,im(xn−1)).
Clearly, (̂xI ) = ŷP is also in the left side set and the equality is proved.
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This leads us to
(f((x̂0)I , . . . , (x̂n−1)I ))
= {ŷP | ∃p′ ∈ P, pp′, y ∈ f((x̂0)Ip′ , . . . , (x̂n−1)Ip′ )}
= {ŷP | ∃p′ ∈ P, pp′, y ∈ f(pp′((x̂0)Ip ), . . . ,pp′((x̂n−1)Ip ))}
= f(((x̂0)I ), . . . ,((x̂n−1)I )),
thus  is an ideal homomorphism. 
We will borrow the term of algebraic class for those classes of multialgebras which are closed under the formation
of isomorphic images. In the same way as in [5, Section 21, Theorem 4], using Proposition 22 and Theorem 23, we
can prove the following theorem:
Theorem 24. Let K be an algebraic class of multialgebras. The class K is closed under the formation of direct limits
of arbitrary direct systems if and only if K is closed under the formation of direct limits of well-ordered direct systems.
4. On the fundamental algebra of a direct limit of multialgebras
Since the factorization with the fundamental relation determines a functor F (see Remark 8), starting with a direct
system of multialgebras, the family of their fundamental algebras, with the corresponding family of homomorphisms,
is a direct system of universal algebras. Our purpose, in this section, is to establish if the fundamental algebra of a direct
limit of a direct system of multialgebras is the direct limit of the resulting direct system of fundamental algebras.
Theorem 25. The functor F : Malg() −→ Alg() is a left adjoint for the inclusion functor U : Alg() −→ Malg().
Proof. The natural isomorphism  between the functors HAlg()(F (−),−) and HMalg()(−, U(−)) is deﬁned as
follows: for any multialgebra A of type  and for any universal algebra B of the same type :
A,B : HAlg()(A, B) → HMalg()(A, B), A,B(h) = h ◦ A.
The map A,B is bijective and the following diagram is commutative for any morphisms f : A → A′ and g : B → B ′
from Malg() and from Alg(), respectively:
HAlg()(A
′,B)
A′,B−−−−−−→ HMalg()(A′, B)⏐⏐⏐⏐HAlg()(f , g)
⏐⏐⏐⏐HMalg()(f, g)
HAlg()(A, B
′)
A,B′−−−−−−→ HMalg()(A, B′)
. (5)
If h : A′ → B is a homomorphism of universal algebras, then
HMalg()(f, g)(A′,B(h)) = HMalg()(f, g)(h ◦ A′) = g ◦ h ◦ A′ ◦ f
and
A,B′(HAlg()(f , g)(h)) = A,B′(g ◦ h ◦ f ) = g ◦ h ◦ f ◦ A.
But, if we apply Theorem 6 for f : A → A′, we have
f ◦ A = A′ ◦ f ,
hence the diagram (5) is commutative, which ends the proof of the theorem. 
It is known that a functor which has a right adjoint preserves the direct limits. Thus we have:
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Corollary 26. If (I, ) is a directed preordered set andA=(Ai | i ∈ I ), together with the family of homomorphisms
(ij | i, j ∈ I, ij) is a direct system of multialgebras of type , thenA = (Ai | i ∈ I ), together with the family
of homomorphisms (ij | i, j ∈ I, ij) is a direct system of universal algebras of type , and the universal algebra
lim−→A is isomorphic to the universal algebra lim−→A.
Remark 27. If we use the notations from Sections 2 and 3 it results that the isomorphism  : lim−→A → lim−→A
from Theorem 19 is given by (̂∗
Ai
〈a〉) = ∗
A∞〈̂a〉, since any class from lim−→A is given by a representative from an
algebra Ai .
5. Applications to particular hyperstructures
In this section we will show that some of the results presented in [14,6–8] can be easily obtained from the results
presented in this paper. First, we will prove the following:
Lemma 28. Let p ∈ P(n)() and a0, . . . , an−1 ∈ A. Then we have
p(â0, . . . , ân−1) = {̂a | ∃m ∈ I, ∀j ∈ {0, . . . , n − 1}, ∃a′j ∈ âj ∩ Am
such that a ∈ p(a′0, . . . , a′n−1)}.
If i0, . . . , in−1 ∈ I are such that aj ∈ Aij for all j ∈ {0, . . . , n − 1} then the set p(â0, . . . , ân−1) is equal to
{̂a | ∃m ∈ I, i0, . . . , in−1m, a ∈ p(i0m(a0), . . . ,in−1m(an−1))}.
Proof. It is enough to prove the second part of the statement, since the equivalence of the two deﬁnitions of the set
p(â0, . . . , ân−1) can be obtained as in the proof of Lemma 15, using Remark 5.
Step1:p=xj (j ∈ {0, . . . , n−1}) then, ifwe identify eachone element setwith its element,wehavep(â0, . . . , ân−1)=
enj (â0, . . . , ân−1) = âj . For any m ∈ I , i0, . . . , in−1m and for any a ∈ p(i0m(a0), . . . ,in−1m(an−1)) we have
â = ̂ijm(aj ) = âj since
p(i0m(a0), . . . ,in−1m(an−1)) = enj (i0m(a0), . . . ,in−1m(an−1)) = ijm(aj ).
Thus the equality in the lemma holds in this case.
Step 2: Suppose that the statement has been proved for p0, . . . ,pn−1 ∈ P(n)() and that p = f(p0, . . . ,pn−1).
Then
â ∈ p(â0, . . . , ân−1) = f(p0, . . . , pn−1)(â0, . . . , ân−1)
= f(p0(â0, . . . , ân−1), . . . , pn−1(â0, . . . , ân−1))
if and only if there exist
b̂0 ∈ p0(â0, . . . , ân−1), . . . ,̂bn−1 ∈ pn−1(â0, . . . , ân−1)
such that â ∈ f(b̂0, . . . ,̂bn−1). It follows that there exist the upper bounds m0, . . . , mn−1 ∈ I for {i0, . . . , in−1} and
that there exists m ∈ I which is an upper bound for {m0, . . . , mn−1}, such that
b0 ∈ p0(i0m0(a0), . . . ,in−1m0(an−1)),
...
bn−1 ∈ pn−1(i0mn−1(a0), . . . ,in−1mn−1(an−1))
and
a ∈ f(m0m(b0), . . . ,mn−1m(bn−1)).
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Clearly i0, . . . , in−1m and using Remark 5 it follows that a is in the set
f(p0(i0m(a0), . . . ,in−1m(an−1))), . . . , pn−1(i0m(a0), . . . ,in−1m(an−1))
which is equal to
f(p0, . . . , pn−1)(i0m(a0), . . . ,in−1m(an−1)) = p(i0m(a0), . . . ,in−1m(an−1)).
Conversely, if m ∈ I , i0, . . . , in−1m and
a ∈ p(i0m(a0), . . . ,in−1m(an−1))(⊆ Am)
then there exist
b0 ∈ p0(i0m(a0), . . . ,in−1m(an−1)) ⊆ Am,
...
bn−1 ∈ pn−1(i0m(a0), . . . ,in−1m(an−1)) ⊆ Am
such that
a ∈ f(b0, . . . , bn−1) ⊆ Am.
It follows that
b̂0 ∈ p0(â0, . . . , ân−1), . . . ,̂bn−1 ∈ pn−1(â0, . . . , ân−1)
and
â ∈ f(b̂0, . . . ,̂bn−1).
So, we have
â ∈ f(b̂0, . . . ,̂bn−1) ⊆ f(p0(â0, . . . , ân−1), . . . , pn−1(â0, . . . , ân−1))
= f(p0, . . . , pn−1)(â0, . . . , ân−1)
= p(â0, . . . , ân−1)
and the proof is complete. 
Lemma 29. LetA= ((Ai | i ∈ I ), (ij | i, j ∈ I, ij)) be a direct system of multialgebras and let q, r ∈ P(n)().
If the weak identity q ∩ r = ∅ is satisﬁed in each multialgebra Ai (i ∈ I ) then q ∩ r = ∅ is satisﬁed in A∞.
Proof. Let us consider â0, . . . , ân−1 ∈ A∞, let us suppose that a0 ∈ Ai0 , . . . , an−1 ∈ Ain−1 (i0, . . . , in−1 ∈ I ) and let
m ∈ I be such that i0, . . . , in−1m. Since the identity q ∩ r = ∅ is satisﬁed in Am, there exists an element
a ∈ q(i0m(a0), . . . ,in−1m(an−1)) ∩ r(i0m(a0), . . . ,in−1m(an−1))
it follows immediately that
â ∈ q(â0, . . . , ân−1) ∩ r(â0, . . . , ân−1)
which ends the proof. 
Corollary 30. Let q, r ∈ P(n)() and letA=((Ai | i ∈ I ), (ij | i, j ∈ I, ij)) be a direct system of multialgebras.
If any i, j ∈ I have an upper bound k ∈ I such that q ∩ r = ∅ is satisﬁed in Ak , then q ∩ r = ∅ is satisﬁed in A∞.
This follows from the previous lemma and Proposition 22 since the set
J = {k ∈ I | q ∩ r = ∅ is satisﬁed in Ak}
(with the restriction of  from I ) is coﬁnal with (I, ).
Similar results hold for strong identities:
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Lemma 31. LetA= ((Ai | i ∈ I ), (ij | i, j ∈ I, ij)) be a direct system of multialgebras and let q, r ∈ P(n)().
If the identity q = r is satisﬁed in each multialgebra Ai (i ∈ I ) then q = r is satisﬁed in A∞.
Proof. Let us consider â0, . . . , ân−1 ∈ A∞ and let us suppose that a0 ∈ Ai0 , . . . , an−1 ∈ Ain−1 (i0, . . . , in−1 ∈ I ).
Let us take an arbitrary element â ∈ q(â0, . . . , ân−1). Then, there exists m ∈ I , i0, . . . , in−1m such that a ∈
q(i0m(a0), . . . ,in−1m(an−1)). Since q = r holds on Am, we have
q(i0m(a0), . . . ,in−1m(an−1)) = r(i0m(a0), . . . ,in−1m(an−1))
hence a ∈ r(i0m(a0), . . . ,in−1m(an−1)). So, â ∈ r(â0, . . . , ân−1) and
q(â0, . . . , ân−1) ⊆ r(â0, . . . , ân−1).
Analogously, r(â0, . . . , ân−1) ⊆ q(â0, . . . , ân−1). 
Corollary 32. Let q, r ∈ P(n)() and letA=((Ai | i ∈ I ), (ij | i, j ∈ I, ij)) be a direct system of multialgebras.
If any i, j ∈ I have an upper bound k ∈ I such that q = r is satisﬁed in Ak , then q = r is satisﬁed in A∞.
5.1. The case of hypergroups
Let ((Hi, ◦i ) | i ∈ I ) be a direct family of semihypergroups with the homomorphisms (ij | i, j ∈ I, ij) and
denote by (H ′, ◦) the direct limit of this family. The following statement follows from Lemma 31.
Theorem 33 (Romeo [14, Theorem 3]). (H ′, ◦) is a semihypergroup.
If we combine this result with Lemma 29 and Corollary 30 we obtain the following statement (used afterwards
in [6,7]).
Theorem 34 (Romeo [14, Theorem 4]). If for any i, j ∈ I there exists k ∈ I , ik, jk such that Hk is a hypergroup
then H ′ is a hypergroup.
Indeed, the subsetK={k ∈ I | Hk is a hypergroup} is coﬁnalwith I , hence the semihypergroup (H ′, ◦) is isomorphic
to the direct limit (H∞, ◦) of the direct family ((Hk, ◦k) | k ∈ K). Each hypergroup Hk can be seen as a multialgebra
(Hk, ◦k, /k, \k) of type (2, 2, 2) with Hk = ∅, with (Hk, ◦k) semihypergroup and which has the property that the
multioperations /k, \k can be obtained from ◦k using equalities (4). These multialgebras verify the weak identities from
Example 11. It follows that the direct limit (H∞, ◦, /, \) also verify (in addition to (3)) these weak identities. Thus
(H∞, ◦) (and also (H ′, ◦)) is a hypergroup (see Example 11).
Remark 35. In the multialgebra (H∞, ◦, /, \) obtained above the multioperations /, \ are obtained from ◦ using (4).
Let us prove that if a ∈ Hk1 , b ∈ Hk2 (k1, k2 ∈ K) then
{̂x ∈ H∞ | â ∈ b̂ ◦ x̂} = {̂x | ∃k ∈ K, k1k, k2k, x ∈ k1k(a)/kk2k(b)}
and
{̂x ∈ H∞ | â ∈ x̂ ◦ b̂} = {̂x | ∃k ∈ K, k1k, k2k, x ∈ k2k(b)\kk1k(a)}.
Indeed, if x ∈ Hk0 (k0 ∈ K) and â ∈ b̂ ◦ x̂ then there exist an upper bound k′ ∈ K for k0 and k2 and an element
a′ ∈ Hk′ such that a′ ≡ a and a′ ∈ k2k′(b)◦k′k0k′(x). From a′ ≡ a it results that there exists k ∈ K , k′, k1k with
k′k(a
′) = k1k(a). It follows that k1k(a) = k′k(a′) is in
k′k(k2k′(b)◦k′k0k′(x)) ⊆ k′k(k2k′(b))◦kk′k(k0k′(x))
=k2k(b)◦kk0k(x).
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Hence, k0k(x) ∈ k1k(a)/kk2k(b) and, since x ≡ k0k(x), we obtain
{̂x ∈ H∞ | â ∈ b̂ ◦ x̂} ⊆ {̂x | ∃k ∈ K, k1k, k2k, x ∈ k1k(a)/kk2k(b)}.
Conversely, let k ∈ K, k1k, k2k and let x ∈ k1k(a)/kk2k(b). Then k1k(a) ∈ k2k(b)◦kx and, consequently,
â =̂k1k(a) ∈ ̂k2k(b) ◦ x̂ = b̂ ◦ x̂.
Remind that the heart	H of a hypergroup (H, ·) is the set of all the elements x ∈ H for which x is the unit element in
the fundamental group (H, ·). In [6] is presented a necessary and sufﬁcient condition for the direct limit of a particular
direct family of hypergroups to have a heart which can be written as a hyperproduct. Using some of our previous results
we can have a new perspective on this theorem.
Theorem 36 (Leoreanu [6, Theorem 10]). Let ((Hi, ◦i ) | i ∈ I ) be a direct family of semihypergroups (with (I, )
an ordered set) such that the following conditions hold:
(1) For any i, j ∈ I there exists k ∈ I , ik, jk such that Hk is a hypergroup;
(2) K = {k ∈ I | Hk is a hypergroup} is such that |K|<ℵ0.
If s = max{k | k ∈ K} then there exist âj ∈ H ′ (j ∈ {1, . . . , n}) such that 	H ′ = â1 ◦ · · · ◦ ân if and only if for all
j ∈ {1, . . . , n} there exists as,j ∈ âj such that 	Hs = as,1 ◦ · · · ◦ as,n.
This statement follows from the results presented in this paper as follows: the direct system which makes the object
of this theorem is a direct system of semihypergroups such that for any i, j ∈ I there exists k ∈ I , ik, jk such that
Hk is a hypergroup, so, using Proposition 22 as in Corollary 30 it follows that it is enough to deal only with the subset
K of I and with the corresponding direct system of hypergroups. Since s ∈ K is such that ks for all k ∈ K it results
that the hypergroup H ′ is isomorphic to Hs (Proposition 22 again). It follows that the heart of H ′ can be written as a
hyperproduct if and only if the heart of Hs can be written as a hyperproduct. Using the isomorphism from the proof of
the same Proposition 22 we get the expected conclusion.
Remark 37. Let us consider a direct family of semihypergroups (Hi | i ∈ I ), let us consider that for each Hi the
fundamental relation is ∗Hi , and let us denote by H
′ the direct limit of this family and by H ′ its fundamental relation.
Theorem 5 from [14] states that ‘if x, y ∈ Hi, x∗Hi y then x̂H ′ ŷ’, and that ‘if x, y ∈ H ′, x̂∗H ′ ŷ then there exist i ∈ I ,
xi ∈ x̂ ∩Hi , yi ∈ ŷ ∩Hi such that xi∗Hi yi’. It is clear that this theorem follows also from the fact that the map  from
Remark 27 is well deﬁned and injective.
5.2. The case of SHR semigroups
In [8] a semigroup (S, ·) is called SHR semigroup (respectively, SR semigroup) if we can enrich the set S with an
element 0 such that x · 0 = 0 · x = 0 for all x ∈ S (if we do not have such an element in S already) and we can
deﬁne a multioperation (respectively, an operation) + on S0 = S ∪ {0} such that (S0,+, ·, 0) is a Krasner hyperring
(respectively, a ring).
One of the main results from [8] is:
Theorem 38 (Leoreanu [8, Theorem 3]). Let ((Hi, ◦i ) | i ∈ I ) be a direct family of semigroups with a corre-
sponding family (fij | i, j ∈ I, ij) of homomorphisms, such that for all i ∈ I , there exists k ∈ I , ik for
which (Hk, ◦k) is an SHR semigroup. Let K = {k ∈ I | (Hk, ◦k) is an SHR semigroup}. So, for each k ∈ K , there
exists a multioperation k on H 0k such that (H 0k ,k, ◦k, 0k) is a hyperring. If for any k, l ∈ K , k l, fkl is a
homomorphism of hyperrings, then the direct limit of the direct family of semihypergroups ((Hi, ◦i ) | i ∈ I ) is an
SHR semigroup.
It is easy to observe that this theorem follows from Example 13, Remark 16, Remark 35, Proposition 22 and
Lemma 31. It also results that a similar result holds for SR semigroups [8, Remark 1].
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